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Higher-order networks [1] capture the many-body interactions present in complex systems
and are dramatically changing our understanding of the interplay between topology of and
dynamics.

In this context, the new field of topological signals is emerging with the potential to significantly
transform our understanding of the interplay between the structure and the dynamics in
complex interacting systems.

This field combines higher-order structures with discrete topology, discrete topology and
dynamics and shows the emergence of new dynamical states and collective phenomena.

Topological signals are dynamical variables, not only sustained on the nodes but also on
edges, or even triangles and higher-order cells of higher-order networks. While traditionally
network dynamics is studied by focusing only on dynamical variables associated to the nodes
of simple and higher-order networks topological signals greatly enrich our understanding of
dynamics in discrete topologies. These topological signals are treated by using algebraic
topology operators as the Hodge Laplacian and the discrete Dirac operator.

Recently, growing attention has been devoted to the study of topological signals showing that
topological signals undergo collective phenomena and that they offer new paradigms to
understand on one side how topology shape dynamics and on the other side how dynamics
learns the underlying network topology. These concepts and idea have wide applications.
Here we cover example of their applications in mathematical physics, in dynamical systems
and in topological machine learning.

The field is topical at the moment with many new results already established and an
already rich bibliography, therefore it is very timely to propose a series of lectures on the topic
to introduce new scientists to this emergent field.

Here we propose a series of lectures for a broad audience of scientists addressed mostly to
physicist and mathematicians, but including also computer scientists and neuroscientists.

The course is planned to be introductory, and self-contained starting from minimum
set of prerequisites:

We will aim at producing some extensive lecture notes either before the lectures or soon after.
The course will cover 4 lectures and 1 seminar:

Lectures

1.General introduction to algebraic topology on networks and simplicial complexes:
Definition of higher-order networks and simplicial complexes, Homology and Betti numbers,
Hodge Laplacians, Hodge decomposition.

No prerequisites other than basic notions of linear algebra are assumed.

2. Cohomology and weighed cohomology. The discrete Dirac operator on networks and
simplicial complexes.

Definition of a manifold, weighted cohomology and metric matrices

The definition of the discrete Dirac operator, its properties and the discrete Dirac equation [2].
Prerequisites: Lecture 1. No other prerequisites other than basic notions of linear
algebra are assumed,



3.Mathematical physics: The discrete Dirac operator and their associated gamma matrices on
metric simple and higher-order networks. The Dirac mass of a network.

The discrete Dirac operator in 1+d lattices. The three-way Dirac operator. The mass of simple
and higher-order networks [3].

Prerequisites Lecture 1 and 2. Basic notions of the Dirac equation and second
quantization might be beneficial.

4 Non-linear dynamics: Synchronization of topological signals

The Higher-order topological Kuramoto model, Global synchronization of topological signals
and Dirac synchronization [4] mentioning application and relevance to brain research [5] and
pattern formation.

Prerequisites Lecture 1 and 2. Some basic notions of phase transitions might be
beneficial.

Seminar

5.Machine learning: The Dirac operator in Topological Machine Learning

We will cover topological signal processing and simplicial neural networks with the Dirac
operator [6]

Prerequisites Lecture 1 and 2. Some basic notions of signal processing and machine
learning might be beneficial.

It is recommended to follow the course in full so to gain a general picture of this
interdisciplinary field. However other modalities to follow the course are Lecture 1,2
plus one or more among Lectures 3,4 and the Seminar 5.
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